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(N 1 Main Result 

Given finite sets Ax, A 2 , . . . , A n with respective numbers ax, a 2 , . . . , a n of elements, the union 
AlU-^U- • -UA n can have as many as ai+a 2 + - ■ -+a n elements and as few as max{ai, a 2 , ... , a n } 
■ elements. The maximum is realized when the sets are pairwise disjoint. When the minimum is 
^ realized, chances are there are many nonempty intersections among the sets. 

In this paper, we fix k < n and study the bound on the size of the union under the additional 
assumption that the intersection of any k sets is empty For k = 2, this is the trivial pairwise 
disjoint case. 

In a simpler version of the problem, the sets Aj are Lebesgue measurable subsets and the 
size of the subsets is the Lebesgue measure. The problem is simpler because any non-negative 
! number is allowed to be the size, not just the non-negative integers. 

m 

Theorem 1. Let 2 < k < n and let the non-negative numbers ax, a 2 , ■ ■ ■ , a n be given. If 
Ax, A 2 , . . . , A n are Lebesgue measurable subsets, such that the intersection of any k subsets 
among A{ is empty and fi(Ai) = ai, then 



O 



//(UAi) > max{ai, a 2 , ■ ■ ■ , a n }, /u(UAi) > ^ (ax + a 2 H h a n ). 

Moreover, it is always possible to find suitable A{ such that the bigger of the two lower bounds 



is realized. 



The result remains true for any measure space (X, /i) with the property that fi(X) = 00, 
and for any A C X of finite measure and any b > 0, there is a measurable B C X, such that 
A n B = and n(B) = b. 

The counting version of the theorem is also true in general. We denote by \A\ the number 
of elements in A. 

Theorem 2. Let 2 < k < n and let the non-negative integers ax, a 2 , . . . , a n be given. Let a be the 
smallest integer > -^7j-(ai + a2 + - • -+a n ). If Ax, A 2 , ■ ■ ■ , A n are finite sets, such that the intersec- 
tion of any k sets among A{ is empty and \A{\ = ai, then |U Ai\ > max{ai, a 2 , . . . , a n , a}. More- 
over, it is always possible to find suitable Ai, such that the lower bound max{ai, a 2 , . . . , a n , a} 
is realized. 
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2 The Lower Bound 

The first lower bound is due to the fact that the union contains any A{. Moreover, it is clear 
that /i(UAi) = a n if any only if A n almost contains all the subsets. 

For the second lower bound, we introduce "pure intersections" for distinct ii, 12, ■ ■ ■ , %\ 

Bi 1 i 2 --4i Ai x n Ai 2 n • ■ ■ n Ai l \jj^i 1 ^ 2 ^_^ [ Aj 

— A{ x n Ai 2 n • • • n A^ — Uj^^^^^A^ n Ai 2 n • • • n A^ n Ay 

The theorem assumes B ili2 ... it = for I > k. Therefore we have disjoint union decompositions 

A 3 = B 3 U ( U i^3 B ij) U ( U h,i2^3 B hi2j) U • • • U (Ui 1 ,...,i fc _ 23 4jB il ... ifc _ 2 j), 

*1<«2 U<-"<ifc_2 

■ U A n = (UiBi) U (U^^Bi^) U (Uj 1< j 2< j 3 i?j 1 j 2 j3) U • • • U (Ui 1< ... < i k _ 1 Bi 1 ...i k _ 1 ) . 

ivik-23 )i 

i+3 h,i2^j 

«l<«2 i\<---<ik-2 

u4) = ^/ J (B 1 )+^M5 !l!2 )+ /U (s ili2i3 ) + -..+ ^ ,,t /;,...., ; ). 

i «i<«2 ii<i2<«3 ii<-"<«fc-l 

Adding the first equality together for various j and comparing with the second equality, we get 
/x(Ai) + //(A 2 ) + • • • + n{A n ) 

= E^) + 2 E^)+ 3 E /i(5 ili2is ) + --- + (fc-l) E M^n-^J 

i ii<«2 *i<*2<*3 ii <---<ifc_i 

V j ii<«2 n<«2<«3 ii<-"<ifc_i 

= (A;-l)^(AU---UA n ). 

This gives the second lower bound. The proof also tells us that the second lower bound is 
realized if and only if 

n(Bi) = fi(B ili2 ) = fi(B hi2i3 ) = ■■ ■ = [i(B h ... ik _ 2 ) = 0. 

This means that the pure intersections of j subsets are almost empty for any j ^ k — 1. In 
other words, the elements of Aj_ are "concentrated" in the pure intersections of k — 1 subsets. 

3 Realizing the Lower Bound in Extreme Cases 

We will use induction to construct the subsets that realize the lower bound. The construction 
for the case k < n will use the realizability for the case k — 1 < n — 1 and the case k < n — 1. 



A 1 U • • 
Then 

/i(AiU--- 
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We can rely on k — 1 < n — 1 because the initial case k = 2 is trivial. If k = 2, then we 
always have /i(U" =1 A) = «i + 0,2 + • • • + a n , which is the lower bound. 

The reliance on k < n — 1 is more complicated. The initial case is k = n. In fact, we will 
only need the case k < n — 1 when the second lower bound is bigger. So the initial case is 
covered by the following. 

Proposition 3. Suppose > satisfy 

max{ai, a 2 , . . . , a n ] < — — (ai + a 2 H h a n ). (1) 

n — 1 

TTien i/iere are Lebesgue measurable subsets Ai, such that 

n™ =1 ^ = 0, fi(Ai)=ai, ^ =1 Ai) = : -(ai + a 2 + --- + a n ). 

n — 1 

We expect the lower bound to be realized when all pure intersections are empty except the 
pure intersections of n — 1 subsets 

Ci = A 1 ... (i _ 1){i+1) ... n = A x n • • • n A_a n A i+1 n-n4 

So the contruction is to find pairwise disjoint Cj and take 

^ = Cx U • • • U C;_ x U c m u • • • U C n . 
Let Xi = /i(Cj). Then we can find suitable Cj if and only if the system of linear equations 

x\ H hXi_i + x i+ iH hx„ = aj, z = 1,2, . . . ,n, 

has non-negative solution. The system has unique solution 

Xi = — — (aiH ha„)-a i5 z = l,2, ...,n. 

n — 1 

The condition for the solutions to be non-negative is exactly (111) . 

The argument gives the counting version of Proposition [3] when + a 2 + • • • + a n ) is an 

integer. In fact, the counting version of extreme case is true in general because of the following 
observation. 

Remark. For realizing the lower bound in the counting version, in case the second lower 
bound is bigger, it is sufficient to show that the second lower bound can be realized when 
cii + (12 + ■ ■ ■ + a n is divisible by k — 1 (i.e., the second lower bound is an integer). 

Here is the reason for the remark. Without loss of generality, we can always assume 

o-i < a 2 < ■ ■ ■ < a n . (2) 

If ai = 0, then the remark is really for the same k but with smaller n. The induction will 
reduce the remark to the initial case k = n. If we still have some ai = in case k = n, then 

1 . 1 . . 

o, n > 7(02 H \~ a n ) = -fax + a 2 H h a n ). 

n — 1 n — 1 
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Therefore in the context of the remark, the two lower bounds must be equal and is an integer. 

So we may further assume ai > in addition to (J2]). Suppose 0<r<A; — lis the remainder 
of the division of ai + a 2 + • • • + a n by k — 1. Then 

(ai — 1) H h (a r — 1) + a r+ i + h a n = a\ + a 2 + h a„ — r 

is divisible by k — 1, and 

1 , 

a n < - — -(ai + a 2 H V a n ) 

implies 

an < 7— y((ai - 1) H h (a r - 1) + a r +i H h a re ). 

Suppose we have finite sets A' x , . . . , A' n , such that the intersection of any k sets is empty and 

I o,i — 1, if 1 < i < r, , Wl 1 . , . . 

|A| = < . r ~ ~ |UA'J = - -((ai-l) + --- + (a r -l) + a r+ i + --- + a n ). 

aj, it r < « < n. K — 1 



Let (1) be a set of single element and take 

A: = 



^U(l), if 1 < i < r, 
A, if r < z < n. 



Then the intersection of any k sets from Aj is empty, \Ai\ = ai, and 

\UA i \ = \UA' i \ + l = j—r{ai + a 2 + • • • + a n - r) + 1 



is the smallest integer > rzr(ai + a 2 + • ■ ■ + 



a, 



4 Realizing the Lower Bound 

We prove the realization part of Theorem [TJ Without loss of generality, we assume f$2§. 
We first consider the case the first lower bound is bigger. This means that 

a n > 7 \ 2 ( a i + Q 2 H ha„_i). (3) 

Note that the right side is the second lower bound for the case k — 1 < n — 1. As explained in 
Section [3J the induction can be used. We need to consider two subcases. 
The first subcase is 

1 , . 

a n -l > T— + «2 H h fln-l)- 

By induction, we can find Al, A 2 , . . . , A n _i, such that the intersection of any k — 1 subsets is 
empty, jti(Aj) = a^, and ^(U^r/Aj) = a n _i. Let (a) be a subset of measure a and introduce 

A n = (Ai U A 2 U • • • U A„_i) U (a n - a n _i). 
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Then among Ax,A 2 , . . . , Ai-i, A, the intersection of any k subsets is empty, and MA) = 
/i(Uf =1 A) = MU"=M) + K - a n _i) = a n . 
The second subcase is 

1 / 

a n -i < j— -{ax + a 2 H h 

By induction, we can find Ax, A 2 , . . . , A-i> such that the intersection of any k — 1 subsets is 
empty, MA) = a i; and M^tTiA) = S^i 1 * 2 *- The assumption (J3J) implies 

'■ - ' ■(a 1 + a 2 -\ h a n _i + a n ) - — — (a x + a 2 H hfl„_i) 



fc-l v x ' " y fc-2 

«n - , 1 „ (ax + a 2 H ha n _i) ] >0. (4) 



k - 1 V 

So we may add 

A n = (Ai U A 2 U • • • U A n „x) U (6) 

to the list. Among Ax, A 2 , . . . , A n _i, A n , the intersection of any k subsets is empty, and MA) 
At(UtiA) = M^A) + b = a n . 

Now we turn to the case the second lower bound is bigger. This means that the number 

b = - 1 - {ax + a 2 H h a n ) - a„ > 0, 

and we have 

-((ai-6)H h (afc_i — 6) + afc H ha n ). 



" k - 1 

If 6 < oi, then for the problem of realizing the lower bound for n subsets of measure 
ax — b, ... , ak-x — b,ak, ■ ■ ■ , a n , such that the intersection of any k subsets is empty, the two 
lower bounds are equal. By the first case proved earlier, the first lower bound a n (as well as 
the second one) can be realized by A' x , A' 2 , . . . , A' n . In other words, we can find A\, such that 
the intersection of any k subsets is empty, and 

/ a/\ I a i ~ b, if 1 < i < k, . ... 1 . 
MA) = ^ . u . v M U A) = °n = t— y(°i + q 2H ha n ) -6. 

Take 

'A u ( 6 >: if 



A 



if fc < i < n. 



Then the intersection of any k subsets among A is still empty, MA) — °i> an d 

MuA) = M U A) + & = ^3y( ai + «2 + • • • + on). 

If 6 > ax, then subtracting 6 from may yield negative number. So we subtract ai instead 
and get 

a n < t _ j- ((fl2 - oi) H h (ajfc_i - ai) + a fc H h a n ). 



This means that, in the problem of realizing the lower bound for n — 1 subsets of measure 
a-i — ai, . . . , cik-i — ai, dfc, . . . , a n , such that the intersection of any k subsets is empty, the 
second lower bound is bigger. By Section [3j we may apply induction and find A' 2 , A' 3 , . . . , A' n , 
such that the intersection of any k subsets is empty, 




if 2 < i < k, 
if k < i < n, 



and 



/x(U^-) = T—r({a2 - ai) H h («fc-i - a x ) + a fc H h a n ) 

(ai + a 2 + h a n ) — a x . 



k-l 
Take 

Ai = (oi), Ai 



^U(ai), if 2 < i < A;, 
AL iik<i<n. 



Then the intersection of any k subsets from Ai is still empty, fx(Ai) = ai, and 

fi(UAi) = n(UA'i) +ai = y—[( ai + a2 + ' ' ' + a ")' 
Finally, we explain how the proof can be adapted to Theorem [2j 

Assume the first lower bound is bigger. In the first subcase, the construction is the same 
as before. In the second subcase, let a' be the smallest integer > rzo(ai + a 2 + • • ■ + a n -i)- 
Then the assumption ([3]) implies the inequality (j3J), so that a > a'. By induction, we have 
Ai, A2, ■ ■ ■ , Ai-i> such that the intersection of any k — 1 subsets is empty, = ai, and 
I u™^ 1 Ai\ = a'. Adding A n = (Ai U A 2 U • • • U A n _ x ) U (a - a') to the list completes the 
construction. 

Next assume the second lower bound is bigger. As remarked in Section [31 we may further 
assume that + a 2 + • • • + a n ) is an integer. Then all the numbers appearing in the rest 

of the construction are integers. The proof is complete. 
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